We investigate the dissociation and ionization equilibria of deuterium fluid over a wide range of temperatures and 
Results of shock-wave experiments on fluid hydrogen and other diatomics in the 100 GPa range have shown metallization (insulator to conductor transition) at densities as high as tenfold of initial liquid density, and temperatures from a few to several thousand K [32] [33] [34] [35] [36] . Precise estimation of the properties of such diatomics considering dissociation and ionization equilibria with special interest given to ultrahigh pressure phenomena such as pressure dissociation and pressure ionization is crucial for the understanding and explanation of these experimental results.
In the present paper, and within the chemical picture, we present a free energy model for the calculation of the EOS and thermodynamic properties of deuterium over a wide range of densities and temperatures. Dissociation and ionization equilibria are considered with a special interest devoted to the pressure dissociation and pressure ionization phenomena. The model implements our newly proposed formulation for the establishment of statisticalthermodynamically-consistent finite bound-state partition functions [37] [38] [39] where an occupational probability is prescribed in advance to assure a smooth truncation of the electronic partition function and manifestation of the phenomenon of pressure ionization. An analogous occupational probability is proposed herein for a smooth truncation of the vibrational-rotational molecular partition function of deuterium molecules. Quantum effects, in electrons free energy, together with Coulomb and excluded-volume configurational terms are taken into account and the resulting free energy function is then used to calculate the occupation numbers and to find the corresponding set of nonideal thermodynamic properties.
It is worth mentioning that in the calculation of the internal electronic partition function using occupational probabilities, one has to avoid cutting-off the ground states which causes the nonphysical vanishing of the partition function; a problem that has been recently scrutinized showing the failure of the so-called Planck-Larkin partition function at high temperatures and the failure of the state-dependent partition functions with commonly used occupational probabilities as they vanish at low temperatures and high densities [40] . A remedy proposed in Ref. [40] is used herein to avoid this problem and is applied to the conventional rotational-vibrational molecular partition functions as well.
At equilibrium, the free energy function must be a minimum and the equilibrium composition can be obtained, therefore, through the solution of the resulting set of minimization equations subject to conservation of electric charge and the stoichiometric constraints. This can be done by using numerical optimization algorithms [41] [42] [43] [44] or through casting the resulting minimization equations analytically into the form of nonideal (or modified) Saha equations and solving the resulting set of nonlinear algebraic equations subjected to the above mentioned constraints using efficient algorithms developed in the literature [45] [46] [47] . Once the equilibrium composition is determined one can calculate the thermodynamic functions from the equilibrium free energy using the standard thermodynamic relations.
II-DISSOCIATION AND IONIZATION EQUILIBRIA
At high temperatures fluid deuterium is, in general, a complex mixture of diatomic molecules (D 2 ), neutral atoms (D), in addition to deuterons (D + ) and free electrons (e). For such an assembly, statistical theory, with some assumptions, makes it possible to express the bulkstate functions in terms of the relevant properties of the individual particles. Interactions among different species are commonly taken into account through considering a configurational free energy term and a scheme for truncating the internal partition function. It is unlikely, however, that molecular ions exist in high concentrations that affect the equation-of-state and they can be readily neglected. Ignoring the formation of molecular ions simplifies the task as thus a molecule cannot ionize without being dissociated. For such a mixture of molecular deuterium, D 2 , atomic deuterium, D, deuterons, D + , and free electrons, e; the free energy function of the system can be approximated as the sum of separable components;
where F corr is a term that takes into account possible configurational and quantum mechanical (degeneracy) effects and the "zero-of-energy" term, F zero-of-energy , takes into count and corrects for the fact that the free energy components in Eq.
(1) must all be calculated using energies referred to the same reference or "zero-of-energy". In accordance with the usual practice, the zero-ofenergy to which all other energies are referred to will be taken as the energy of dissociated atoms at infinite distance apart in their ground states.
At very high temperatures, the contribution of the photon gas to the thermodynamics of the plasma becomes crucial and one has to add to the right hand side of Eq. (1) the free energy of the photon gas which can be expressed, for a blackbody radiation, as
where  is the Stefan-Boltzmann constant, T is the absolute temperature, and c is the speed of Solving Eqs (3) and (4) subject to conservation of electric charge and the stoichiometric constraints gives the required equilibrium composition. Once the equilibrium composition is determined, one can proceed to calculate the set of thermodynamic properties using standard thermodynamic relations. However, explicit expressions for the components of the free energy in Eq. (1) are needed for the accomplishment of this task. In the following section (section III) we present the set of expressions for the classical ideal components of the free energy while the configurational and quantum mechanical effects are discussed in section IV.
III-CLASSICAL-IDEAL FREE ENERGY COMPONENTS
The classical-ideal free energy component for molecular deuterium can be written as
where the total partition function for the molecules, , can be factored as 
where n=0,1,2,…is the vibrational quantum number, J=0,1,2,… is the rotational quantum is taken into account. Extending the summation in Eq. (7) from n=0 to ∞ and from J=0 to ∞ would imply the possibility of getting infinite rotational and vibrational energies. However, the atoms forming the molecule would dissociate before these extremes are reached. Accordingly, a cut-off scheme to truncate the summation in Eq. (7) is needed. A good approximation of the cutoff limit is the lowered dissociation energy. We incorporate this cut-off procedure in a smooth way using a smooth occupational probability function, w n,J (V,T,{N}), similar to the one being used with the electronic partition function of atoms. Details about w n,J (V,T,{N})are given in Section V. Taking the anharmonicity, centrifugal distortion, and vibrational-rotational coupling into account, the total rotational-vibrational energy levels, measured from the lowest, may be approximated by [26, 48, 49] [49] and are given in Table 1 . Considering the vibrational-rotational occupation probability and the remedy proposed in
Ref. [40] together with the anharmonicity, centrifugal distortion, and vibrational-rotational coupling, one can write the vibrational-rotational factor as The classical-ideal free energy of atomic deuterium is given by a classical expression similar to that of D 2 where
where the total partition function for deuterium atoms,
The first factor in the right hand side of Eq. (12) is the translational partition function while D elec Q , is the electronic partition function of atomic deuterium. The evaluation of the atomic electronic partition function has been thoroughly studied and scrutinized in Refs [37] [38] [39] [40] with particular interest devoted to the case of hydrogen. To avoid the cut-off of all ground states which causes the nonphysical vanishing of the electronic partition function we use the expression proposed in [40] where retains at least one state of the ground level in a strongly perturbed system where w 0 (V,T,{N})
goes to zero at low temperatures.
Deuterons, on the other hand, have no internal electronic structure and, thus, their classical-ideal free energy can be written as
While the classical-ideal free energy for free electrons is expressed as Recalling that all interconnected energy levels must essentially be referred to the same reference, hence to the sum of F D+ and F e one has to add the term (16) to account for our chosen zero-of-energy, where χ D is the ionization energy of neutral deuterium atom.
IV-DEGENERACY AND CONFIGURATIONAL CORRECTIONS
Quantum mechanical effects (partial degeneracy) and configurational corrections are briefed in Eq. (1) in the term, F corr . This term can be expanded into the contributions
where F hs is the free energy corrections due to the consideration of particles of finite volumes as a mixture of hard spheres of different diameters, F C is the Coulombic excess free energy which takes into account the interactions among charged particles, F bn is the correction due to the exclusion of the occupied volume from that accessible to bare nuclei (of vanishing diameters), and F dgc, is the quantum mechanical (degeneracy) correction, with excluded volume taken into account, for free electrons, F dgc, .
For a mixture of diatomic molecules and neutral atoms, the hard core free energy can be written as [51, 52] (18) where N 0 is the original number of molecules in the absence of dissociation, f is the fraction dissociated from the original molecules while  0 is the proportion of neutral atoms to the total number of non-molecular heavy particles (sum of numbers of deuterons and neutral atoms). The packing parameter  is given by
where d m is the diameter of deuterium molecule. In the above expression for, it is assumed that the volume of the molecule is the sum of the volumes of its constituent atoms. The parameters X and Y in Eq. (18) are given by
and
The second term in the right hand side of Eq. 
The correction given by Eq. (24) is equivalent to replacing the volume V in Eq. (14) by a reduced
where  is the packing parameter given by Eq. (19) .
The last term in the right hand side of Eq. (17) refers to the corrections to the free energy function due to quantum effects and reduction in the accessible volume for free electrons. For Boltzmann non-degenerate particles one may use a correction term, similar to Eq. (24), to account for the reduction in volume in the ideal contribution of electrons. However, at high densities, electrons become partially or totally degenerate and quantum effects must be taken into account. Following Ebeling et al [51] and Kahlbaum and Forster [52] , the free energy for free electrons with quantum effects and excluding the volume occupied by extended particles can be written as   
V-OCCUPATIONAL PROBABILITIES AND TRUNCATION OF PARTITION

FUNCTIONS
The main message of Refs [37, 38] was the introduction of a mathematically consistent formulation for calculating thermodynamic properties of plasma systems and establishing statistical-thermodynamically-consistent finite bound state partition function (BSPF) within the chemical picture. As has been shown in these references, this can be achieved through solving the problem in which, based on physical arguments, occupational probabilities are prescribed in advance to assure smooth truncation of the electronic partition functions and to demonstrate the phenomenon of pressure ionization. As direct consequences of using such a formulation and the scheme used, in advance, to truncate the BSPF, new correction terms will emerge in the expressions routinely used for calculating plasma thermodynamic functions as explained in Refs [37, 38] .
Many models for the occupational probability exist in the literature ranging in their level of sophistication. In the present calculation we use a simple model for the occupational probability given by Salzmann in Ref. [50] in which the occupational probability for energy level i is given by can be written in terms of f as
where n 0 =N 0 /V is the original number density of molecules. The partition functions in Eq. (30) are the conventional partition functions calculated using the respective ground states as references for the corresponding energies. The solution of the ionization equilibrium problem has been thoroughly discussed in other places [45] [46] [47] .
For a constant temperature, T, and a specified mass density,, the computational scheme used to solve the problem can be briefed to:
1-Start and read the temperature T, density , and spectroscopic data 2-Find the number density of the originally non-dissociated gas molecules, plasma at high density were correct, one would be left with a difficult to imagine physical situation where injecting material into the system (increasing density) leads to a decrease in the packing fraction, i.e. evacuation of the system. Some computational results in the literature (Graboske et al [42] for hydrogen and Kahlbaum and Forster [52] for helium) have shown such a decrease in the packing fraction with the increase of density at constant temperature due the shifting towards point-like electrons and bare nuclei which we believe are physically inappropriate. Our calculations of the packing fraction are shown in Fig. 3 where as can be seen from the figures isotherms of the packing fraction do not show negative slope though the slope gradually decrease towards zero, which is physically sensible. to 1 g/cm 3 the probability of the formation of D 2 molecules increases due to the collision recombination of deuterium atoms and the chemical equilibrium is shifted towards the reverse reaction 2 with the decrease of the degree of dissociation. At higher densities, strong nonideal correlation effects come into play, removing internal levels (lowering the dissociation energy) favoring molecular dissociation and the reaction is shifted towards the forward reaction 2 with a strong increase in the dissociation fraction leading to complete pressure dissociation. It has to be noted that although complete cold ionization is not achievable in our calculation because it leads to a decrease in the packing fraction with the increase in The effect of including the photon gas on the calculation of the pressure and specific internal energy of deuterium fluid is presented in figure 7 and figure 8 , respectively. It is clear from the figures that while one can neglect the contribution of the photon gas to pressure and internal energy for T<1,000,000 K, this contribution is extremely important and plays the major part at high temperatures. 
VIII-CONCLUSIONS
A new model for strongly-coupled deuterium fluid is introduced and has been used to estimate the degree of ionization, dissociation fraction, equation-of-state and thermodynamic
properties of deuterium over a wide range of temperatures and densities. An occupational probability is introduced and used to smoothly truncate the rotational-vibrational partition function which led to the pressure dissociation manifested in the computational results of the dissociation fractions.
Coulomb interactions and intensive hard-core repulsion (excluded-volume) strongly influence the equilibrium composition and thermodynamic properties. Inclusion of the photon gas is shown to be necessary for temperatures >1,000,000 K. The present computational estimations do not suffer from the problem of intersecting isotherms found in other calculations in the literature and show a better and sensible physical behavior for the degree of ionization and packing fraction.
